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REVERSED SMOOTHED QUANTILE REGRESSION FOR
DISTRIBUTED HIGH-DIMENSIONAL DATA

CycleResearcher

ABSTRACT

High-dimensional distributed quantile regression (QR) is studied in this paper. To
overcome the non-smooth issue of the check loss function, a popular approach is
to smooth it. However, the smoothed QR estimator and its inferential procedures
require a large minimum local sample size. To address the problem, we propose a
new estimator by combining the reversed smoothed check loss and ¢; -penalization.
Theoretically, in terms of estimation, we establish the minimax optimal coﬁrgence
rate for the global estimator and the valid confidence interval for a vidual
coefficient. In terms of computation and communication, we show t proposed
iterative algorithm converges linearly for a fixed number of ma and requires
only a logarithmic number of communication rounds. Additi %hgy, our theoretical
results hold under a weaker condition on the minimum localﬁk size. Numerical
experiments corroborate our theoretical claims. Cb

1 INTRODUCTION \Q) E

Large-scale data are nowadays commonly enco various domains, including finance, biology,
social science, and astronomy. Quantile regésijn QR), which was first introduced by Koenker
& Bassett Jr (1978), is a useful tool for analyzing large-scale data. Compared to the classical
linear regression, QR is more robust to oﬁ%rs and heavy-tailed errors and can conduct statistical
inference at different quantile levels. facing an ultra-large dataset, one can distribute it to
several machines for parallel compgting. Such a distributed system raises many challenges for the

QR estimator and the correspondi ferential procedure.

Firstly, the check loss functi d in QR is non-smooth, which makes the estimation and inference
more difficult. To tackle oblem, a popular approach is to smooth the check loss by kernel
smoothing or other m . For example, Fernandes et al. (2021) used the integral of the logistic
function to smooth ¢ ck loss. He et al. (2023) adopted the smooth check loss that was proposed
by Belloni & ¢h 'hukov (2011), where an additional quadratic term was added to the check
loss. Althoughtthese smoothed QR estimators share the same convergence rate with the classical
QR estimator, they enjoy better Bahadur representation and mean squared error. Besides, Tan et al.
(2022) considered the distributed setting and proposed a double-smoothed approach, where the global
and local loss functions were both smoothed.

Secondly, when data are stored in a distributed system, designing a computationally efficient algorithm
and a communication-efficient scheme between machines is crucial. Divide-and-conquer is a simple
and widely used method for distributed inference, where the central machine randomly divides data
into several subsets, local machines fit the model for their subsets, and the central machine aggregates
these estimators by taking their average. This method was firstly proposed by Zhang et al. (2013) for
estimating the sufficient dimension reduction subspace. Afterwards, it was adapted to kernel ridge
regression (Zhang et al., 2015), matrix completion (Zhang et al., 2013), and linear regression (Li et al.,
2013). Although the divide-and-conquer method is communication-efficient, the aggregated estimator
is generally not as good as the one trained with all data. To improve the performance, Shamir et al.
(2014) proposed the distributed Newton-CG algorithm, where the central machine sends the current
global estimator to local machines, local machines refine it by Newton-CG algorithm, and the central
machine then updates the global estimator by averaging the returned values. This procedure is
repeated for several rounds. The distributed Newton-CG algorithm was later studied by Wang et al.
(2017) for ¢;-regularized M-estimation and by Fan et al. (2021) for general M-estimation. Besides,
Jordan et al. (2019) developed the communication-efficient stochastic approximation algorithm,
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where the central machine updated the global estimator by using the weighted sum of local estimators.
Chen et al. (2020) developed a communication-efficient algorithm based on gradient descent for
heavy-tailed response. Recently, Bao & Xiong (2021) considered the one-round communication
scheme, where the central machine sent the training data to local machines, local machines conducted
M-estimation with ¢; -penalization, and the central machine updated the global estimator by averaging
the returned values.

In this paper, we study the high-dimensional distributed QR with smoothed check loss. Our contribu-
tions are summarized as follows.

* We propose a new estimator by combining the reversed smoothed check loss and /;-
penalization. Compared with the smoothed QR estimator (Tan et al., 2022), the proposed
estimator requires a weaker condition on the minimum local sample size and fewer commu-
nication rounds.

* We establish the minimax optimal estimation rate for the global estimator and provide a
valid confidence interval for an individual coefficient. Our inferential result is new in the
literature of high-dimensional distributed QR.

* Computationally, we show that the proposed iterative algorith @ges linearly for a
fixed number of machines and requires only a logarithmic numbe?e%‘nmunication rounds.

The rest of this paper is organized as follows. Section 2 describes tl-kgp ersed smoothed quantile
regression (RSQR) estimator. Section 3 presents the theoretic @ Its. Section 4 reports the
numerical results. All proofs are collected in the supplementa@erial.

Notation: For two sequences {a, } and {b,}, ap, < by, ~ O(b,,) means that a,, < Cb,, for
some absolute constant C, a,, =< b,, means that a,, = ) and b,, = O(ay,), and a,, < b, or
an = o(by,) means that a,,/b,, — 0. For a vector = aq)T €RY [0 = Z?Zl(aj #0), ||

of B, AN B is the intersection of A and B, and A is the union of A and B. For a matrix , we use

= Z?:l la;| and ||||cc = maxi<j<qla;l. @sets Aand B, A C B means that A is a subset
. to denote the submatrix with row indices S afid column indices in . For two symmetric matrices

and , >~ means that — is positive semi;defif

2 METHODOLOGY 6

&

Consider the high-dimensi@near regression model
@ +e-1,, where € R, e R"*¢ 0 cR? )

ande = (vq, .. @ ith independent and identically distributed (i.i.d.) entries. We assume that
n is large and ¢ is fomparable with n. Let Q(7) be the 7-th conditional quantile of given , i.e.,
P(Q(r) << Q(7T) + v |) = 7. Throughout this paper, we focus on the standard check loss

lr(u) =u{r — (u<0)} )
and its smoothed version

o) = > / (e — 0o/}, 3

where y > 0 is the smoothing parameter and ®(-) is the cuamulative distribution function (CDF) of
the standard normal distribution. Note that

05 (u) = wy (1 —u) - u+ (7 — 1/2)u? 4)
with ) )
wy(x) = ;{T —O(r—z/7)} - ;¢(T —z/7)-x/7, )

where ¢(-) is the probability density function (PDF) of the standard normal distribution. We call
23 (u) in (3) or (4) the smoothed check loss (Belloni & Chernozhukov, 2011). Additionally, we define
the reversed check loss and the reversed smoothed check loss as

(u) =6 (—u) = wy(u—7) u+ (1/2 - 7)u? (6)
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with
w(z) = %{(1 — )= (1= 7) — 2/} + %da((l —r)—z/y) - z/v. ™

Suppose that data are stored in a distributed system with K machines. The k-th machine owns the
data (., ) with ;, € R™ and , € R™*4, Letn; > ng > ... > ng without loss of generality. In
this paper, we consider the case where nx > log d. We adopt the ¢1-penalized quantile regression
approach. Specifically, local machines minimize

1
Qx() = - > (yki—i) + M, Yk € [K], (®)
i=1
where ||||; is the ¢1-penalty, A > 0 is the regularization parameter and [K] = {1,..., K'}. Denote

the local estimator on the k-th machine by ;.. The central machine averages the local estimators and
obtains the global estimator

~ 1 g
== . 9
K k & ( )
o Q
The central machine then sends™ to local machines for computing Q

e @)
QE™0 = 13- o) + Ml + 5 e 1, (10)
[ @

where 1, is a d x d weighting matrix. Denote the local refined @tor on the k-th machine by”,z’l.
The central machine updates the global estimator by %’

K
= \@ (11

This procedure can be iterated for 7" rounds. The findl global estimator is denoted by 7. We call the
estimator 7 the reversed smoothed quantile regression (RSQR) estimator.
ai}

Compared with the distributed smooth»@F tile regression (DSQR) estimator (Tan et al., 2022), the
RSQR estimator has two main differencesFirstly, the RSQR estimator adopts the reversed smoothed
check loss (6), while the DSQR esfi%or uses the smoothed check loss (3). The motivation for using
the reversed version is that 7 (%@g&s a larger curvature when w is around zero. Recall that

%@% = [ - et n - oa a2

=5

It is easy to show thq)@ﬁrst and second derivatives of ¢ (u) are
1
brp(w) = {1 =7) = (1 =7) —u/7)}, (13)
1
brp(u) = —5¢((1=7) —u/). (14)

Let Z ~ (0,1). By the symmetry of (0, 1) distribution about the origin and the fact that u/y — 0 as
u — 0, we have

E[e7 ,(w)] = E[€7,(u/y- Z)] = ®(1 —7) > 1/2 Z B[] ;(u)], (15)

where ¢/ [(u) = ¢(T — u/7v)/7*. This implies that the curvature of /7 (u) is larger than that of
03 (u) as u — 0. Secondly, the RSQR estimator uses the refined loss function (10), while the DSQR
estimator employs the gradient descent method. Although the gradient descent method is more
standard, our refined loss function can make the central estimator converge faster and enjoy a better
rate. The detailed theoretical results will be presented in Section 3.

3 THEORETICAL RESULTS

In this section, we first introduce the definitions and assumptions and then present the theoretical
results.
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3.1 DEFINITIONS AND ASSUMPTIONS

We adopt the classical sparsity assumption in high-dimensional statistics (Wainwright, 2009; Fan &
Li, 2001).

Assumption 3.1. The true parameter ° is sq-sparse, i.e.,

= Sp.

Denote the active set by = {j : ﬂ? # 0} and the inactive set by ¢ = {j : B;-) =0}. Let = E[;{ ] and
=_. The quantity 6() is defined as

()= mi : 16
0= gmin_ [l (16)

The quantity 6() was firstly proposed by Zhao & Yu (2006) and is often called the irrepresentable
condition (Wainwright, 2009).

For the loss function ¢7 (u), we define the corresponding population version of the Hessian matrix as

= E[£}, ()1 {1 Q’)& a7)
We also need the following standard assumptions, which can be found @ov etal. (2016); ?);

Lee et al. (2017).
Q)‘b‘
%

@i 6() > 0. %
(ii) There exist absolute constants c¢; and c,, sucl% Amin() < Amax() < ey

(iii) There exists an absolute constant c, suchs

Assumption 3.2. We assume that

< ¢, for anyﬁ € [—3cy, 3cy), where
9(B8) = [ 1= @A = 7) —x/y) z/7) dw

Here (i) is the irrepresentable condition i high-dimensional statistics (Wainwright, 2009; Zhao
& Yu, 2006), which is widely used f alyzing the ¢ -penalized regression (Hastie et al., 2015;
Zhang, 2010; Fan & Li, 2001). (ii) @Qgenvalue assumption on the Hessian matrix and (iii) is the
boundedness assumption on a rele density function. They are standard for quantile regression
(Fan et al., 2014; Chen et al., 2Qg: Bradic & Kolar, 2017).

Next we introduce the minj ignal condition, which was firstly proposed by Fan & Li (2001).
Assumption 3.3. The@m a constant ¢, > 0 such that min¢ |,6?| > Cm.

The minimal signal tion guarantees that the signal is sufficiently strong compared with the noise.
Otherwise the @ would be buried by the noise. Assumption 3.3 is very common in the literature
of high-dimensi statistics (Hastie et al., 2015; Zhang, 2010; Fan & Li, 2001).

Recall that the reversed check loss function is defined by
0 (u) = wy(u—7) - u+ (1/2 — 7)u?, (18)

where

w,(z) = %{(1 — 1) = @((1—7) — /7)) + §¢<<1 — 1) —a/v) -3/ (19)

Let W, (z) = Ejwy(z - Z)] with Z ~ (0,1). By (7), we have

() = %{(1 —r) = ®((1—7) — 2/} + %cﬁ((l —r)—a/y) A (Q0)

It is easy to show that ., (x) is monotonically increasing and that w. (0) = (1 — 7)/~. Thus there
exists a constant xy = xo(7,) such that w.,(zo) = 1/2. For example, ¢ ~ 0.4035 for 7 = 0.5 and
~v = 1. Throughout this paper, we assume that

nx > logd and nx > 16x5c¢2072(). Q21
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Table 1: Comparison of the estimation rates for related estimators. The symbol “-” means that the
corresponding result is not available.

minimum local sample size | sparsity level | estimation rate
DSQR ng > logd Sg L n < Vlogd/n
BAC-QR n 2 Sologd So L n < /logd/n
DQR ng > logd S0 € \/n/K S1/vn
DCQR ng > logd So K y/n/K <1/y/n
RSQR nx > 16x3c¢2072() 50 K n < Vlogd/n

3.2 ESTIMATION

In this subsection, we consider the estimation of . The convergence rate of the RSQR estimator 7 is
described in the following theorem.

Suppose that Assumptions 3.1-3.3 hold, nx > logd and nx > 16x3c302(&)\ = +/logd/n,
then for any T' > 1, the RSQOR estimator T with weighting matrix j, = satis

logd
E [ } (b& (22)
where A, = \/[cu\/n/ (K logd)).

Theorem 3.2 shows that the RSQR estimator 7 achleves%mlmax optimal convergence rate in
estimation (Zhang, 2010; ?; ?). Although the distribugedetting considered in this paper is different
from the classical quantile regression, the converge e remains unchanged. Additionally, the
RSQR estimator can be computed by the proximal % ient descent algorithm (Wright, 2015; Solntsev
et al., 2015).

et al., 2022), the BAC-QR estimator ( 2020), the debiased QR (DQR) estimator (Chen et al.,
2019), and the divide-and-conquer QR ) estimator (Chen & Zhou, 2020). Note that the DQR
and DCQR estimators do not adopt 1-penalty, and hence their convergence rates are not in terms
of the /1-norm. The estimation r f these estimators are summarized in Table 1 and we have the
following comments. K

We compare the estimation rates of severa!%ge d estimators, which are the DSQR estimator (Tan

(i) The DSQR and R estimators achieve the same estimation rate. Although the DSQR

estimator is sed for the non-smooth check loss, our result is established for the
smoothed %2 loss (12). The smooth check loss (3) and the reversed smooth check loss
(12) a& tially the same up to a transform 7 — 1 — 7. Hence the estimation rates for
them a € same.

(i) The BAC-QR estimator requires the condition nj 2 sglog d on the minimum local sample
size, which is much larger than our condition ns, > 1623c26~2(). This is because BAC-QR
applies a block coordinate descent algorithm to the non-smooth check loss, while we smooth
the check loss and adopt a different iterative algorithm.

(iii) The divide-and-conquer estimators, i.e., DQR and DCQR, do not apply the ¢;-penalty.
Hence their estimation rates are not in terms of the #;-norm. For the DCQR estimator,
we convert the {>-norm rate to the ¢;-norm rate by using the irrepresentable condition.
Compared with the DCQR estimator, the advantage of the RSQR estimator is that it does

not require the condition sg < /n/K on the sparsity level.

Next we study the support recovery property of the RSQR estimator.

Suppose that Assumptions 3.1-3.3 hold, ny > logd and nx > 1622c2072(). If A < /logd/n
and T > 1, then the RSQR estimator T with weighting matrix j, = satlsﬁes
P(°C) > 1—¢o(so/n)? (23)

and
P(°=") > 1 — co(s0/n)? — 2¢1 exp(—cong A?), (24)
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where™= {j : ET,j # 0}, co, ¢1 and ¢y are absolute constants, q is defined by min ¢ \Bﬂ > Cm >
4N, - qand N, = N/[cy/n/(K logd)).

Theorem 3.2 shows that the RSQR estimator enjoys the support recovery property, i.e.,”is a consistent
estimator of “. The support recovery property is very important for high-dimensional data analysis
(Hastie et al., 2015; Zhang, 2010; Fan & Li, 2001).

3.3 INFERENCE

In this subsection, we study the inferential procedure for an individual coefficient. We first introduce
the technical assumptions that are necessary for statistical inference.

Assumption 3.4. There exist absolute constants ¢ 1 and c,, 1 such that ¢;1 < Amin( j,j) < Amax() <
Cu,1 for any j €€.

Assumption 3.5. There exists an absolute constant ¢y 1 such that g;(8) < cgq1 for any 8 €
[=3cu1, 3cua] and any j €°, where g;(8) = [Z[L = ®((1 = 7) —2/7)]¢(8 —x/y)dx.

Assumption 3.4 is the eigenvalue assumption and Assumption 3.5 is the bound S assumption on
the univariate density function. They are both standard for statistical infere\@n high-dimensional
linear models (Lee et al., 2017; Fan et al., 2021).

For the true parameter °, we define the corresponding one-sparsity @&toﬁ1 by

_ 1 K .
= L3 tor = g @200 @

with Qx(5-; ) defined by (8) and bemg the j tlx%.dmcal basis vector of R%. Let Z =
n/(K)\n)(ﬁ1 B9) with A, = )\/

Suppose that Assumptions 3.1-3.5 hold, anjljg and ng > 1623c2072(). If A\ < \/logd/n
andT' > 1, then for any j €€, the RSOR es or T with weighting matrlx k= satisfies
%e —12/2) as n — o (26)

foranyt e R.

Elexp ity e
Q>

By Theorem 3.3, we know that K%hverges in distribution to the standard normal distribution. Hence
we can make statistical infe or /3’0 with j €°. For example, a valid confidence interval for ﬁo is

é,é:’ A ags B+ W : Zlam} @7

with 21 _q /2 be@ne (1 — «/2)-th quantile of (0, 1).
We compare the~ RSQR estimator with the DSQR estim~ator (Tan et al., 2022) in terms of statistical

inference. Let Zpggr be the DSQR estimator and let Zrsgr be the RSQR estimator. We have the
following discussions.

7 -

(i) For the DSQR estimator, it is unknown whether ZDSQR converges to the standard normal
distribution when 7 5 1/2. When 7 = 1/2, {7(u) = £7(u) = |u[/2 and hence Zpsor =
ZRSQR By Theorem 3.3, we know that ZRSQR converges to (0,1). Thus ZDSQR also
converges to (0,1).

(ii) The DSQR estimator requires the condition sg < /n/K to make inference, while the
RSQR estimator does not require any condition on the sparsity level. The reason is that the
DSQR estimator applies the gradient descent method to the non-smooth check loss, while
we smooth the check loss and adopt a different iterative algorithm.

3.4 COMPUTATION AND COMMUNICATION

In this subsection, we consider the computational and communicational complexities of the proposed
algorithm.
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Recall that the central machine sends the global estimator to local machines for computing

e () Zer =) + Ml + 5 (), vk € (K] 28

=1

This is a convex optimization problem with a separable structure. It can be computed by the proximal
gradient descent algorithm (Wright, 2015; Solntsev et al., 2015). The per-iteration complexity
is O(dnyg), i.e., the O(d) times matrix-vector multiplications and one proximal operator (-) =
(1 — A) -sign(-) - | - |- Thus the total computational complexity on the k-th local machine is

o(T-d Zszl ng) = O(T - dn) with T being the number of communication rounds.

We show that the proposed iterative algorithm enjoys the linear convergence rate.

Suppose that Assumptions 3.1-3.3 hold, nx > logd and nx > 16x3c¢2072(). If A < \/logd/n,
T > 1 and j, =, then the RSQR estimator 1 satisfies

E H =2 |- aereo) |
Sforany t > 2, where A\, = \/[cu/n/(K logd)]. Q)

By Theorem 3.4, we know that the number of iterations for reachin @ccurate solution is
O(log(1/¢€)). Hence the proposed algorithm converges linearly. ‘i

(29)

”t—l —t—2
VAn

Next we consider the communicational complexity. At each step, t cntral machine only needs to
aggregate the local estimators by taking their average and the the current global estimator to
local machines. The communicational complexity is O(d %’) .

Compared with the DSQR estimator (Tan et al. 2()27)
condition on the minimum local sample size ng, 1 . 2

Hence the proposed estimator requires fewer com atlon rounds and can be applied to a wider
range of data. For example, consider the case@ d and the high-dimensional setting d < n'~*

roposed estimator requires a weaker
> 1622c2072() versus nx = sologd.

with L > 1. By (21), the required minim! 1 sample size for the proposed estimator is
ng <dxn Wthh holds since n K However, for the DSQR estimator, the required

minimum local sample size is nx 2 > dlogd =< n} % ~Llog n g, which does not hold since

logng = o(nk).

assistant &Q)

4 NUMERICAL E){Q}HMENTS

claims. Throul our simulations, we consider the high-dimensional linear regression model
=0 4e.1, wit ", € R"*%and © € R?. The true parameter ° is so-sparse and = {j : ) # 0}.
Let = ({,...,p.) %and’ = (y{,...,y;,)" = +[e| - 1,. Then the data (’,) satisfies our model.
The set of active predictors is unknown. The tuning parameter \ is selected by the generalized cross
validation (Schmidt, 2010) and the smoothing parameter -y is chosen as v = 1. The quantile level is

set to be 7 = 0.5.

In this section, we.c QCtthe numerical experiments on simulated data to corroborate our theoretical
%h;ﬁ%

Firstly, we consider the estimation. The design matrix is generated from the multivariate normal
distribution (0, ), where ; ; = pl*=3l with p = 0.5. The noise ¢ is generated from the normal distribu-
tion (0, 1). We consider the sample size n € {1000, 2000}, the dimension d € {1000, 2000, 3000},
the sparsity so = 6 and the number of machines K € {10, 20}. For each setting, we generate 100
replicates of data (', ). The estimation results are summarized in Table 2.

Next we consider the support recovery. The data generation process is the same as above. The support
recovery results are summarized in Table 3.

Then we consider the inference. The data generation process is the same as above. Let C1_(7)
be the confidence interval for the j-th coefficient with 7 being the quantile level. We consider
7 € {0.3,0.5,0.7}, the sample size n = 1000, the dimension d = 3000, the sparsity so = 6 and
the number of machines K = 10. For each setting, we generate 100 replicates of data (/,). The
inferential results are summarized in Table 4.
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Table 2: Estimation results for various methods, where the numbers are the means of the estimation
errors in the ¢1-norm and the ¢5-norm, and the subscripts are the corresponding standard errors.

estimation error
K n d S0 él 62
RSQR 10 | 1000 | 3000 | 6 | 0.068¢ 010 | 0.067¢.010
DSQR 10 | 1000 | 3000 | 6 | 0.068¢. 010 | 0.067¢.010
BAC-QR | 10 | 1000 | 3000 | 6 | 0.068¢010 | 0.067¢.010
DQR 10 | 1000 | 3000 | 6 | 0.068¢ 010 | 0.067¢.010
DCQR 10 | 1000 | 3000 | 6 | 0.068¢. 010 | 0.067¢.010
RSQR 20 | 1000 | 3000 | 6 | 0.0687.010 | 0.067¢0.010
DSQR 20 | 1000 | 3000 | 6 | 0.0680.010 | 0.067¢.010
BAC-QR | 20 | 1000 | 3000 | 6 | 0.068) 010 | 0.067¢.010
DQR 20 | 1000 | 3000 | 6 | 0.0683.010 | 0.0670.010
DCQR 20 | 1000 | 3000 | 6 | 0.0680.010 | 0.067¢.010
RSQR 10 | 2000 | 3000 | 6 | 0.048¢.007 | 0.047q.007
DSQR 10 | 2000 | 3000 | 6 | 0.0480.097 | 0.047. <V
BAC-QR | 10 | 2000 | 3000 | 6 | 0.048¢.007 | 0.047, %
DQR 10 | 2000 | 3000 | 6 | 0.048¢.007 | O. o7
DCQR 10 | 2000 | 3000 | 6 | 0.048¢.007 &0,007
RSQR 20 | 2000 | 3000 | 6 | 0.048;. 007 470.007
DSQR 20 | 2000 | 3000 | 6 | 0.048,. z) .0474.007
BAC-QR | 20 | 2000 | 3000 | 6 0.04m% 0.047¢.007
DQR 20 | 2000 | 3000 | 6 %07 | 0.047.007
DCQR 20 | 2000 | 3000 | 6 ﬁ%,gm 0.047¢.007
\&

<

Table 3: Support recovery results for Varisug%thods, where the numbers are the means of the

Hamming distances, and the subscrip e corresponding standard errors.

KN d so | Hamming distance
RSQR %}J{OOO 3000 | 6 0.000.00
DSQR \( 1000 | 3000 | 6 0.000.00
BAC- M 0 | 1000 | 3000 | 6 0.000.00
D 10 | 1000 | 3000 | 6 0.000.00
10 | 1000 | 3000 | 6 0.000.00
QR | 20 [ 1000 | 3000 | 6 0.000.00
6 SQR | 20 | 1000 | 3000 | 6 0.000.00
BAC-QR | 20 | 1000 | 3000 | 6 0.000.00
DQR 20 | 1000 | 3000 | 6 0.000.00
DCQR | 20 | 1000 | 3000 | 6 0.000.00
RSQR | 10 | 2000 | 3000 | 6 0.000.00
DSQR | 10 | 2000 | 3000 | 6 0.000.00
BAC-QR | 10 | 2000 | 3000 | 6 0.000.00
DQR 10 | 2000 | 3000 | 6 0.000.00
DCQR | 10 | 2000 | 3000 | 6 0.000.00
RSQR | 20 | 2000 | 3000 | 6 0.000.00
DSQR | 20 | 2000 | 3000 | 6 0.000.00
BAC-QR | 20 | 2000 | 3000 | 6 0.000.00
DQR 20 | 2000 | 3000 | 6 0.000.00
DCQR | 20 | 2000 | 3000 | 6 0.000.00

Finally, we consider the computation and communication. The data generation process is the same as
above. The computational and communicational results are summarized in Table 5.
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Table 4: Inferential results for various methods with nominal confidence level 1 — o« = 0.95, where
the numbers are the means of the coverage probabilities and the average lengths, and the subscripts
are the corresponding standard errors. The results for DSQR are taken from Tan et al. (2022).

95% confidence interval
n d So (3 =0.3 65 =0.5 67 =0.7
RSQR | 1000 | 3000 | 6 | 0.95¢9.02 (0.639.01) | 0.950.02 (0.639.01) | 0.950.02 (0.63.01)
DSQR | 1000 | 3000 | 6 | 0.959.02 (0.63p.01) | 0.950.02 (0.639.01) -(0.639.01)

Table 5: Comparison of the required minimum local sample size for DSQR and RSQR estimators.

K n d S0 required minimum local sample size
DSQR | 10 | 1000 | 3000 | 6 s0log d = 6log 3000 ~ 61
RSQR | 10 | 1000 | 3000 | 6 | 1623c20=2() ~ 16 x 0.40352 x 12 x 12 = 2.57
DSQR | 20 | 1000 | 3000 | 6 s0log d = 61log 3000 ~ 61
RSQR | 20 | 1000 | 3000 | 6 | 1622c20~2() ~ 16 x 0.4035% x 12/&2 = 2.57

W/
O
5 DISCUSSION ‘b's,

In this paper, we propose the RSQR estimator for high-dime %a distributed data. The RSQR
estimator is based on the reversed smoothed check loss c@-penalization. Theoretically, we
establish the minimax optimal estimation rate for the glob%!rhator and provide a valid confidence
interval for an individual coefficient. Computationally, @ posed algorithm converges linearly and
requires only a logarithmic number of communicaticé&mds.

There are some interesting future directions. Fi =it is interesting to study the distributed QR with
the classical non-smooth check loss. The advangagg isthat one does not need to choose the smoothing
parameter . Secondly, it is interesting to study the distributed QR under a different setting, e.g.,
federated learning (Li et al., 2020) or mi ed models (Feng et al., 2023; Gao et al., 2022). Lastly,
it is interesting to study other dist%l’t inferential procedures, e.g., the distributed ¢-test or the

likelihood ratio test. @
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